Abstract. Reliable numerical prediction of springback in sheet metal forming is essential for the automotive industry. There are numerous factors that influence the accuracy of springback prediction by using the finite element method. One of the reasons is the through-thickness numerical integration of shell elements. It is known that even for simple problems the traditional integration schemes may require up to 50 integration points to achieve a high accuracy of springback analysis. An adaptive through-thickness integration strategy can be a good alternative. The strategy defines abscissas and weights depending on the integrand's properties and, thus, can adapt itself to improve the accuracy of integration. A concept of the adaptive through-thickness integration strategy for shell elements is presented. It is tested using a simple problem of bending of a beam under tension. Results show that for a similar set of material and process parameters the adaptive Simpson's rule with 7 integration points performs better than the traditional trapezoidal rule with 50 points. The adaptive through-thickness integration strategy for shell elements can improve the accuracy of springback prediction at minimal costs.
INTRODUCTION
Prediction of springback phenomenon is one of the major challenges in the modern die manufacturing industry. Despite plenty of developments in the field of simulation of sheet metal forming, the industrial needs for accurate numerical prediction of springback are not yet being met.
Springback can be defined as an elastically-driven change of product shape that occurs when external loads are removed. It is a complex physical phenomenon which is governed by the internal stresses obtained during forming and, therefore, the accuracy of its prediction is affected by factors that control quality of results of the forming simulation. Various simplifications, introduced for making simulation of forming more efficient, may have a significant influence on the accuracy of prediction of springback. Some of these simplifications are listed below.
Numerous studies indicate that the accurate stress state after forming can only be obtained if a suitable material model is used [1] [2] [3] . It must be based on initial yielding and hardening characteristics obtained from multiple tests and should be able to accurately describe the material behaviour for an arbitrary loading path. In addition to that, the decrease of apparent unloading modulus may be one of the reasons of common deviation of the numerically predicted springback from that observed in real practice [4] [5] [6] . It has been shown that under certain conditions assumptions made in modelling the loading conditions during springback step [7, 8] and assumptions underlying the shell elements theory [9] may deviate from reality and their applicability in springback analysis must be reanalysed. The accuracy of prediction of springback can also be improved if the discretisation error is minimised [9] [10] [11] .
Numerical integration through the thickness of shell elements creates an additional source of error in springback prediction. When a material undergoes elasticplastic deformations all traditional integration rules require a significant number of integration points to represent a nonlinear stress profile increases [12, 13] . This number depends on material, process parameters and the employed integration rule [14] . Generally, the traditional numerical schemes are not so efficient for calculating functions with discontinuities, since the accuracy can only be guaranteed by increasing the number of integration points. In simulations of sheet metal forming increasing the number of through-thickness points places high demands on computational costs and is very undesirable.
An adaptive through-thickness integration strategy for shell elements can be a good alternative. The strategy identifies presence of points of discontinuity in the stress profile and adapts itself to improve the accuracy of integration. A concept of the adaptive through-thickness integration strategy for shell elements is presented in this paper. Limitations of the traditional integration rules are briefly discussed in Section 2. Section 3 describes the major components of the adaptive strategy and its potential is shown in Section 4 using a simple problem of bending of a beam under tension.
LIMITATIONS OF TRADITIONAL INTEGRATION SCHEMES
Due to computational efficiency shell elements are commonly used in finite element analysis of sheet metal forming. The characteristic matrices of shell elements are obtained by means of in-plane numerical integration and through-thickness numerical integration. To integrate through the thickness several numerical schemes are commonly used, e.g. rules based on the NewtonCotes integration formula, Gauss quadrature and Lobatto rule. To describe bending effects more than one integration point in thickness direction is required. For a material in the elastic regime the through-thickness stress profile is linear and the bending effects can be accurately represented by a limited amount of the integration points (e.g. 2 for the Gauss quadrature). However, when a material undergoes plastic deformations there appear points of discontinuity in the stress distribution and the number of the integration points needed to obtain accurate results increases. Burgoyne and Crisfield [13] investigated the performance of various traditional numerical schemes in integrating functions with discontinuities. Using four different problems they showed that the traditional rules do not perform well when using less than 20 integration points. Gauss quadrature was recommended as the most accurate one. It was also noted that, in some cases, due to the error cancellation, the accuracy of a simple rule (e.g. trapezoidal) may be comparable to that of the Gauss quadrature with similar number of integration points.
An extensive study on the performance of the traditional integration schemes in springback prediction was performed by Wagoner et al., [7, 14, 15] . The effects of varying material and process parameters on the error due to numerical integration were investigated by using a simple model of a beam bent to a specific radius under tension. It was shown that the numerical integration error is oscillatory and the oscillation is related to the position of the integration points relative to the points of discontinuity in the stress profile.
To visualise this, additional calculations using the same model are performed. A beam of rectangular crosssection is deformed under the combined influence of bending moment and in-plane tension. The schematic of the problem is shown in Fig. 1 . Main assumptions and the complete explanation of the model can be found in [15] . The stress profile shown in Fig. 1 defines the internal bending moment that will govern a change of shape during unloading:
(1) coordinate, / is the thickness of the beam and b is its width. The normalised bending moment is defined as follows [15] :
The calculations are performed for a particular material, namely interstitial free steel (IF steel) with a Young's modulus of 2 lOGPa, an initial yield strength 150MPa and the Nadai hardening parameters K=425MPa and n=0.4. The thickness of the beam is 1mm and the radius of bending is 20mm. The bending moment M is calculated numerically and analytically. Gauss quadrature with 7 integration points through the thickness is used for numerical calculations.
Results of the calculations are presented in These values are used to calculate the profiles of the integrand (c • z in Equation (1)) that are shown in Fig. 3 . The through-thickness location of all seven integration points is highlighted with the dashed lines. As shown in this figure, there are two points of discontinuity in the integrand's profile which define the places where the material transits from the elastic into plastic regimes during the deformation. It can be seen that increasing the tension makes the points of discontinuity in the integrand's profile move with respect to the integration points. Before they reach the closest integration point (point 3 in Fig. 3 ) the bending moment value stays almost constant, since in the vicinity of every sampling point the integrand's profile undergoes only small modifications with a change in process parameters. As soon as integration point 3 falls into the elastic region (profile b) its contribution to the bending moment value decreases abruptly and after, becomes negative. As a result the value of the bending moment drops sharply (see Fig. 2 ). Soon after integration point 3 passes the elastic region (profile d) the moment value stabilises and remains relatively constant until integration point 2 falls into the elastic region.
In case of the traditional integration rules, the difference between the analytical and numerical curves in Fig.  2 can only be decreased by increasing the number of integration points. The oscillation will be more frequent but the error due to numerical integration will become lower. Alternatively, one can use an adaptive scheme, that evaluates the integrand prior to calculation and based on this information adapts the integration points to obtain the accurate solution at minimal costs. A concept of such a strategy for shell elements is presented below.
CONCEPT OF ADAPTIVE QUADRATURE
The meta-algorithm for adaptive integration formulated by Rice [16] is used to develop an adaptive non-iterative integration strategy for shell elements. As shown schematically in Fig. 4 the strategy consists of two groups of components: the interval manager and the interval processor, which are both discussed below. The strategy is developed to be used within the implicit finite element solution procedure which is often employed for simulation of sheet metal forming and especially in springback analysis [17] [18] [19] . In the implicit procedure, state variables that satisfy the equilibrium in the end of a load increment are found iteratively by the Newton-Raphson method. One iteration of the NewtonRaphson procedure can generally be split into three parts: calculation of the stiffness matrix, calculation of the incremental displacement vector and calculation of the internal force vector. Adapting the integration points during the iterative Newton-Raphson procedure will have an influence on the internal force vector value and therefore may result into a divergence of the solution process. To minimise the risk of divergence, the adaptation of the integration points takes place after finding the converged solution in the end of the load increment.
If unloading takes place during the next incremental step, the adapted integration points will guarantee more accurate stress resultants, hence more accurate springback prediction. If loading continues, the stiffness matrix is calculated and the iterative process is initiated to find state variables for the new load increment. It is believed that a deviation of the internal force vector after the adaptation from that obtained by the Newton-Raphson process is small.
Components of Interval Manager

Locating Discontinuities
One of the main tasks of the interval manager is to locate points of discontinuity in the integrand's profile. It is known that when a material undergoes cyclic deformation while passing, for example a die radius or a drawbead, the through-thickness stress profile may contain several points of discontinuity. Figure 5 shows a Active stress distribution which occurs in a beam after bending, reverse bending and repeated bending in the original direction. For simplicity, elastic, perfectly plastic material is chosen and, due to the symmetry, only half of the stress profiles is shown. As can be seen, yielding of the material during every part of the loading cycle produces a point of discontinuity (POD) in the stress profile, i.e. POD1 in bending, POD2 in reverse bending and POD3 in bending in the original direction. To explain the algorithm for locating POD1 the problem shown in Fig. 1 is considered. The complete vector of strains using the Kirchhoff theory can be written as follows:
where {rj} is the vector of membrane strains and {K} is the vector of curvatures. The typical distribution of the equivalent stress in a cross-section of the beam for a material with arbitrary hardening is shown in Fig. 6 . In this figure a yie id is the stress at yield, o t \ is the equivalent trial stress which is calculated by treating the total strain as elastic. Variable a defines the shift of the neutral line which occurs due to applied tension.
To identify the location of POD1 the strategy of Armen and Pifko [20] can be followed. Let / = z -| be the coordinate of the elastic-plastic transition with respect to the central line, z is measured from the lower surface of the beam. The vector of stresses for a material in the elastic region can be written using the Hooke's law for plane stress:
or, in a more convenient form
Combining this equation with Equation (3) one can obtain the elastic stress vector for a Kirchhoff plate: {(7} = {E}{T ? } + /.{E}{K} = {N} + /-{M} (5) where {N} represents the contribution of the membrane part of the deformation and {M} represents the bending part. It is known that a material remains elastic through its thickness until the yield condition is satisfied. The Hill'48 yield criterion is commonly used to model material behaviour in simulations of sheet metal forming. For plane stress state the Hill'48 yield function can be FIGURE 6 . Equivalent stress profiles after bending and reverse bending under tension.
written as follows:
where Oyi e id is the stress at yield and the parameters F, G,H, and N describe the material anisotropy. Substituting components of the stress vector from Equation (5) into the last equation and gathering terms gives:
where the coefficients ai,a 2 and a 3 are formulated in terms of the components of {N} and {M} of the elastic stress vector. Solving this quadratic equation gives two values of / which define location of the elastic-plastic transitions during bending under tension. As can be seen, to locate the transition points the algorithm uses the strain vector components which are readily available after each incremental step of the finite element solution procedure. If, for example, Kirchhoff triangular elements are used to describe the beam, then by performing similar calculations for each column of integration points for every element in the mesh, the interval manager can always track the location of POD1 during the analysis. The algorithm is graphically shown in Fig. 6 . The location l\ of the upper transition point can be found from the similar triangles ABC and ADE. Using the same underlying idea the algorithm for locating POD2 was also formulated [20] . The typical distribution of the equivalent stress in the same cross-section after reverse bending is also shown in Fig. 6 . (72 is the equivalent stress obtained in the upper layer during the bending in reverse direction and Oa is the equivalent trial stress that would exist if the material did not have plastic deformations during the reverse loading. The upper POD2 can be located from the similar triangles FHG and FLK based on the assumption of linear hardening.
The linear hardening assumption, which is required to calculate the location of POD2, may introduce some error. In addition to that, in realistic simulations of sheet metal forming, when friction is included, the in-plane tension has a more significant effect [21] . It modifies the shape of the stress profile so that the strategy used to define locations of POD2 is not applicable anymore. An alternative numerical scheme is needed that is capable of locating points of discontinuity in a stress profile obtained from an arbitrary loading scenario.
Managing Integration Interval
Having found the location of discontinuities in the stress profile the interval manager divides the complete integration interval [-5,3] into several parts. After the subdivision the discontinuities coincide with the endpoints of sub-intervals and the integrand on every subinterval is a smooth function. The location and number of integration points are adapted so that there are several points inside every sub-interval and two of the points are lying on its limits.
Calculating Internal Variables
A newly introduced or relocated integration point does not contain any information about previous loading and its internal variables must be calculated. During the iterative-incremental solution procedure, quantities that must be available at each integration point and updated as the solution progresses are stresses {a} and equivalent plastic strain e p . These values can be calculated by interpolation using the information at the old integration points.
Components of Interval Processor
The main task of the interval processor is to perform the actual integration. For high flexibility several integration rules have been defined that are capable of performing integration using unequally distributed points [22] . The idea behind integration with unequally spaced points is similar to that of the Newton-Cotes integration. As the first step, an integrand f(x) is approximated by an interpolating function p(x) on integration points a<xi,X2,...,x n <b. After that, solving analytically the integral J a p{x) clx gives the formula for integration with unequally distributed points. Various functions can be used for the approximation, for example a polynomial or a spline. Formulae for adaptive trapezoidal, adaptive Simpson's and adaptive spline rules were developed [23] . Each of the defined integration rules places specific demands on the interval manager. These demands are related to a minimal number of the integration points required on each sub-interval and to their location. Applying an integration rule to every sub-interval and adding results gives the numerical value of the integral.
APPLICATION EXAMPLE
The model of bending of a beam under tension is used to test performance of the adaptive integration strategy. The schematic of the problem is shown in Fig. 1 . The material of the beam is IF steel, the thickness is 1mm and the radius of bending is 5mm. Based on the adaptive strategy defined above an adaptive integration rule is formulated which is specifically attuned for this problem. The interval manager of the adaptive rule performs the following tasks: 1) identifies location of two points of discontinuity (POD1) in the stress profile using the analytical formulae presented in [15] ; 2) divides integration interval [-5, 5] into three subintervals AB, BC and CD, shown in Fig. 1;  3 ) adapts location and number of the integration points on every sub-interval. It is known that with increasing tension the sub-interval AB decreases in size. Therefore, it is logical to move excessive integration points from this sub-interval to the sub-interval CD which increases in size.
For integration on every sub-interval the interval processor employs the Simpson's rule and the rule that uses a spline to approximate the integrand. The bending moment M (see Equation (1) ^analytical is used to quantify the error of numerical integration. Results of the calculations are shown in Fig. 7 where the relative moment error varies as a function of tension. In this figure, the in-plane tension is represented by the normalised shift of the neutral line. The advantages of using the adaptive integration strategy are clearly seen. Comparing to the traditional rule, almost negligible integration error is obtained while using a very small number of points. Additionally, tracing location of the points of discontinuity in the stress profile suppresses the error oscillation. The error increases smoothly with changing process parameters. Therefore it becomes easier to choose the number of the integration points that can guarantee a specific accuracy of springback prediction.
CONCLUSIONS
The concept of an adaptive through-thickness integration strategy for shell elements have been presented. It consists of several algorithms that evaluate the throughthickness stress profile, adapt the location and the number of integration points and perform the actual integration. Excellent results were obtained while testing the performance of the adaptive integration strategy. Calculations of the bending with tension problem showed that a negligible integration error can be obtained with a limited number of points. Comparing to the traditional schemes, the adaptive strategy uses the integration points more efficiently and can improve the accuracy of springback prediction at minimal costs.
